TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 308, Number 1, July 1988

SMOOTHNESS UP TO THE BOUNDARY
FOR SOLUTIONS OF THE NONLINEAR
AND NONELLIPTIC DIRICHLET PROBLEM

C. J. XU AND C. ZUILY

ABSTRACT. For the Dirichlet problem associated with a general real second
order p.d.e. F(x,u,Vu,V2u) = 0 in a smooth open set 1 of R", we prove
smoothness up to the boundary of the solution u for which the linearized char-
acteristic form is nonnegative and satisfies Hérmander’s brackets condition,
the boundary of () being noncharacteristic.

0. Introduction. Let {} be an open set in R™ with a C* boundary 9(). Let
F be a C real function in 0 x R" and ¢ be in C*°(dQ). Let us consider a real
solution u, in the Holder space C?((1), of the problem
{ F(z,u(z), Vu(z), V2u(z)) =0 in Q,
ulan = p.
We shall denote by Lo(z, &) the principal symbol of the linearized form on u of
equation (0.1), more precisely

(0.1)

(0.2) Lo(z, &) = E ;UF (z,u(z), Vu(z), Vu(z))&E;
iy=1 4
and we set oL
L (z,6) = 22(2,6), 1<j<n

9¢;
This paper is mainly devoted to the proof of the following result.

THEOREM 0.1. Let r be an integer and u be in C?((1) where p > Max(5,7+3).
Let us suppose that

(a) Lo(z,€6) >0V(z,€) € 2 x R™.

(b) If we denote by L, the set of brackets of the vector fields L((,J) of order less
than or equal to r, then at each point of Q we can find n elements in L, which are
linearly independent.

(c) 99 is noncharacteristic for Lo(z, D).

Then u belongs to C* ().

The interior regularity of the solution has been proved in [8] as soon as p >
Max(4,r + 2). In the elliptic case it is a classical fact that every C?(Q) solution of
such a Dirichlet problem is C*((2).

However, in our case, condition (b) by itself needs the solution to be at least
CT+%(Q); on the other hand, the condition p > 5 comes from the technique (mainly
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the paradifferential Bony’s theory). An attempt to replace condition (b) by a
geometric condition which needs less a priori regularity of the solution, has been
made by C. J. Xu [9]. But the optimality of the lower bound for p in the case of
a completely nonlinear equation is still an open question. (See Remark 1.2 in C.
Zuily [10].)

In the case of linear equations, the analogue of our result has been proved in
various cases by J. J. Kohn and L. Nirenberg [4], M. Derrid;j (3], O. A. Oleinik and
E. V. Radkevitch [6].

As we said before, the proof begins, following the ideas of J. M. Bony (2], by a
tangential paralinearization (in M. Sablé-Tougeron’s sense [7]). The mixed terms
of the paradifferential equation are then eliminated, following S. Alinhac [1], by
the paracomposition’s technique (but not in the same spaces as in [1]). The end of
the proof is more straightforward. We prove classical a priori subelliptic estimates
using the symbolic calculus of the paradifferential operators, to get the tangential
regularity and we use the equation to conclude.

The plan of the paper is as follows:

§1. The paradifferential calculus

1.1 Tangential paralinearization

1.2 Paracomposition

§2. Proof of Theorem 0.1

2.1 Preliminaries

2.2 The subelliptic estimate

2.3 End of the proof of Theorem 0.1.

1. The paradifferential calculus.

1.1. Tangential paralinearization. We shall work in the spaces H>* (R%) intro-
duced by L. Hérmander. First for s and s’ in R we set

H**'(R") = {ue S'(R"): (1+€[%)*2(1 +|€'|*)*/*a € L2 (R™)}.

Here ¢ = (¢/,&,) € R™ and ¢ € R™~!, the norm of this space being the natural
one. Then H** (R7) is the space of restriction to R? = {z = (z/,2,): 7, > 0}
of elements in H**'(R"). For m € R and p € R%\N, 7 will denote the set of
symbols of paradifferential operators defined in Bony [2]. If p € |0, 1] we set

C’(R™) =S u e L*°R");[u], = sup [u(z) ~ uy)] < +oo}
T#Y II - ylp

with norm
llullce = [lullLe + [u]p

andif p=po+k,0<ps<1,keNueC(R") & D*ueC?, |a| Lk.

Then C?(R%) is the space of restriction to R7% of elements in C?(R"). Let ¢
be a radial and positive function in C§°(R™) which is equal to one for |{| < 1 and
vanishes for |¢] > 1. We set ¢(&') = p(€',0). Following M. Sablé-Tougeron (7] we
set for u € §'(R™) and p, p’ in N:

A A
U

Spu(§) = p(277€)a(f), S

(€) = @277 €")a(€)
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then Spy = Sp o0 S,,. We shall also set Ay = Spy1 — Sp, Ay = Sy — Sy and
App = Ap 0 Apr which are also defined by
Kooy =veroute),  Kpae) =97 €)i(e)
where (€) = p(£/2) = (€), $(¢') = ¥(¢',0). So we have
o(6) + Y2 =p(€) + D BT E) =1

p20 p'20

Now if a and u are in S(R™) we can define as in (7] the tangential paraproduct
[T/ u and the paraproduct with two indices IT))u:

(1.1) Ou= Z Sp—_nalyu
p2N
(1.2) H:,'u = Z Sp_N,p/_Na . A,,p'u.
p,p'2N

The main result of this section is the following.

THEOREM 1.1. Let F be a C* function in R’_}_ x R4 which is real and with
compact support with respect to the x variable in RQ‘,. Letuy,...,uq be real functions
belonging to CP(R7) N H™*' (R™) where m € N*, p>m, s' > 0. Then

d
(1.3) F(z,UI(z),...,Ud(z Zn(ap/au])(z uy(x),..., ud(z))u] e H™?® +p(Rn)
7j=1

PROOF. As in [8, Proposition 1.3] we can reduce to the case where F' does
not depend on z. Moreover, taking restrictions to R’;, the above result will be a
consequence of the same result in the spaces H™* (R™). On the other hand we do
not decrease the generality if we suppose d = 1. We shall set u; = u.

Since u € C*(R"), p > 0 we have lim,_, ;0 ||S;u — u||L=» = 0. So following [5]
we can write

+o0
(1.4) F(u) = F(Sou) + Y_{F(Sj41u) — F(Sju)}.

q=0
Moreover for every N, Syu € H™T*°(R") and since for m > 1, H™+t®(R") is
an algebra (7, Proposition 1.7] we have F(Syu) € H™**(R"). Now

1
F(Sg1u) — F(Syu) = A;u/o F'(Squ + tAju) dt.
From (1.1) to (1.4) we get

F(u) = Wpiyu = F(Syu) + Y Alu {/ F'(Sju+tALu)dt — Si_n(F'(u ))}

q>N

So we have to prove

(15) g=) Alu {/ F'(Stu + tALu) dt - ;_N(F'(u))}eﬂ'w’ﬂ(nn).

q>N
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Cutting each term Aju we get

1
g=> > A,,A;u{ /0 F'(S) +tAhu)dt — ;_N(F'(u))}

g2N g<p+3

= § :apq
p.q

Indeed if ¢ > p+4, {327 <€) < 2PP2} N {329 < ¢ < 2972} = 2.
We shall prove that

Va € N, |a] < m, Vo' € N*~!

1. ! ! !

0O IDEDE apllis < Cp2elal-mizalia’i=s=n) (C,) € 2.
First, since u € H™* (R") we have

(1.7) |D2» DY ApAlul|pz < Cpg2Plen—moale’l=8) (0, ) e 12,

On the other hand if a, <m < p, Dgru € CP~%+(R") so
DgrF'(u) € CP~*(R")
from which we deduce
DSz D {Sq_w (F'(w)) = F'(w)}]| 1=
(1.8) = ||Dg{S;_n(D2r F'(u)) — Dgn F' (u)}| oo
< 029’ l=(p=an))
Now, if a, <m

< 2elle’I=(p=an))
Lo

1
(1.9) D;":Dg‘; {/0 F'(Squ+ tAju) dt — F’(u)}
Indeed the left-hand side of (1.9) is bounded by

A= sup ||DEDY{F'(Siu+tALu) — F'(u)}]|Le.
0<t<L1

Now
F'(Squ+ tAju) — F'(u) = (Squ — u + tAu)F"(0Squ + 0tAju + (1 - f)u).
We easily get
(1.10) |D2 D2 {(Shu — u + tALu) | oo < Co29UF 1= (pman)),
and using Lemma 3 in [5] we get
(1.11) |D2» DY, F"(0Shu + 0tALu + (1 — O)u)|| oo < €291 1H12D)

and (1.9) follows easily from (1.10) and (1.11).
From (1.7), (1.8) and (1.9) we get

||DEr DS apgllLz < Cpg2Plen—mloallel=<"=0) = (Cp0) e 12,

which implies (1.6).
Now Theorem 1.1 follows from the following lemma (see Lemma 2.3 in {7]).
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LEMMA 1.2. Let (apq)q<p be a sequence of functions such that for an < m,
o € N"—l,

(1.12) |DEr D apg||L2 < Cpea2P =™ +alle’I=t)

where m € N, ' € Rt and (Cpga) € 12
Then g =3, 0pq € H™ (R").

1.2 Paracomposition. Let ; = w; x [0, T, 7 = 1,2 be two open sets in R? =
{(z',zn): T, > 0} and x be a C?-diffeomorphism from 2; to {22 such that o > 3
and
(1L13)  x(¥',yn) = (2,2a) withz; = f;(4',yn), 1< <n—1, 2p =yn.

We shall denote by C (w x [0, T[) the space of distributions on w x [0, T[ such
that ¢u belongs to C*(R?%) for all ¢ in C*®°(R7%) with supp ¢ = K x [0, ] where K

is compact in w C R™! and € < T. The space Hﬁ)s (w % [0, TY) is then defined in
the same way.
Following S. Alinhac [1] we now prove

THEOREM 1.3. There exists a linear operator x*: D'(Q2) — D'(21) with the
following properties:
(i) x* is continuous from CE.(2)N H,‘;: () to C2.(Q1) N Hﬁ)i (1) for all
strictly positive a, s and s'.
(ii) Let u be in Hygg'(Q3), m > 1, ¢ >0, and P' = 3, ., 1T, 8% € Op(%2)
with ann = 1, be a paradifferential operator such that P'u € H;:ct(ﬂg). Then if
o > Max(3,m + 1) we have

x*(P'u) — (P*)'x*u € H™™o37¢((0;) Ve >0

where ( =2 a1<2 15,05 € Op(T2_,) and the principal symbol of (P*)" is
P!
LRSS aa(x(y))( (%) (x(y))n)-
la|=2

(iii) Let xo: Qo — Q4 and x1: Q1 — Qg be two C? -diffeomorphisms as in (1.13).
Then x3x3iu = (X1x0)*u + Ru where R is continuous from H*S to H**'+o-1,

We shall consider two systems of coronas: the small coronas
Cp={E€R™: c712? < |¢]| < 27T},
Cp={€=(¢ &) €ER™: 712 < €| < 2P}
with partition of unity 1 = p(€) + 307, ¥(277€); we set 6, = $(277D), §, =
¥(27PD’,0) and 8pp = & 0 §,; and the big coronas
Cp={¢€R": C712P < |¢| < 271},
C’/, — {E — (€I’€n) eR": C—12P < |€/| < C2P+1}

with the partition of unity 1 = ®(¢) + Z+°° V(27P¢€); we set A, = ¥(27PD)
A, =¥(27PD',0) and Ay = Ap o A,
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Let us note that C, N Cpr = @ when p’ > p+ 1.
The distributions u € £’(€Q;) will be cut, using the small coronas

iz Y gy
p'<p+1
Given a compact K in {23 we choose the constant C such that

(1.14) For every y in a neighborhood of x ™! (K)
’ and every £ in ¢, we have (9x(y)/dy)¢ € Cp.

The distributions v € £/(€2;) will be cut using the big coronas.

We set
[v]pp = Z Ajjv

l7—p|<N
|3'-p'I<N

which means that the sum is taken over (j,;’) such that the spectrum of Ajjv
meets C, N Cy,. Here N is an integer related to the constant C.
DEFINITION 1.4. Let u be in £'(Q;) with suppu C K. We set

(1.15) X*(w) =Y [W(upp o x(¥)lpp
p'<p+1

where ¥ € C$°(Q), ¥ = 1 near x~1(K).

PROOF OF THEOREM 1.3. (i) This part is just an application of Lemma 1.6 in
(7).

(ii) We first give two lemmas. We take 1; € C§°(€1;), 91 = 1 near the support
of 1 and we set

SPP'X: Z (Aqq'lﬁlXI,Xn), XI = (le“'vXn—l)‘
qa<p
q'<p’

LEMMA 1.5. Let u be in £'(Q22), suppu C K. Let us set
(1.16) Ru=x"(u) = D [¥(upp © SpprX(9))psr-

p'<p+1
Then R maps H** (Q3) in H>*'+7=1(Q) for s >0, s' > 0.
PROOF. Since x € C? we have
91X’ = Sppr 01X |lLee < 1¥1X — Sp¥o1X'llLee + [|Sp(¥1x" = Sprtbr1x')l L
<C2P 4+ 02777 <2777
Now, since z,, = yn, for u € H** we have

1[4 (uppr © X) = ¥ (upp' © Spp' Xlpp'llL2 < upp: © X — Upp © SpprX||L2
S COHD:c’upp'“L?“"plxl - Spp"wl)('”L°°
< Cpp,2‘P8~P'(8—l)—P'a < Cpp,g—ps—p'(3+o—l)

with (Cppr) € 12. Tt follows that Ru € H*'+o-1,
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LEMMA 1.6. Letu be in H** (Q3) s >0, 8’ > 0. Then
8’ +o—1
v= Z[’/’(“pp’ © Spp' X)]pp' = Z'p(“pp’ 0 Spprx) € H>*+7 1,
p.p’ p.p’

PROOF. We can write

Z Y(upp © Spprx) = Z['ﬁ(uw’ 0 Spp' X) o’

pp’ p,p’

+Z Z + Z Agqr (%(uppr © SpprX))

p.p' | lg—p|>N  |g—p|<N
q l¢'=p'|>N

Now, from the Lemma in §2.1.2 of [1], we get

Z Agg (w(“pp' ° Spp’X)) < Cpp’z_p(ﬂa_l)_p’s,v (Cpp’) € 121
lg=p|>N
q L2

Z Aqq' W’(“pp’ ° Spp’X)) < Cpp’z_ps2_p(81+a_l)’ (Cpp') € 12»
lg—p|<N
|ql"p'|>N L2

which prove Lemma 1.6.

Now, as in [1] if we change the coronas or the functions 1, 1, the definition
of x* is modified by operators which are o — 1 smoothing. So we can extend the
definition of x* to D'.

Let us consider now a paradifferential operator in Op(X2)

n—1
D2+EH' D;Dn+ ) T, D:D;+ 3 T D
J=1 1,7=1 le|<1 :

and let P” be the same operator but with II? instead of IT/,.
LEMMA 1.7. Letu be in H™*(R?) witho >m+1>2 and t > 0. Then
(1.17) P'u— P"ue H™*7"2"¢(R%) Ve > 0.

PROOF If we set P/ = P' — D2 then P' — P" = P' — P". Now P'u =
>0 2p Spr—n(aa)0%uy and

Spr_n(8a)0%Up = D 64(Spr—n(34))8p(0%uy)
lp—qI<N

Y aq(s,',,_N(amap(a“up!)

[p—ql2N
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from which we deduce

Pu= Z Z Sp—N,p =N (Ga )% Upp
a pp’
@
+ 3 68y N(0a)0%Sp_Nuy
a pp'
@
+ Z Z 6¢Sp—n () 0% upp
a |p— q!(N
P
@
First of all we have
®= P"u.
Now, since in the sum |a| < 2 and a # (n,n) we have 0%u € HO™+t—lal 5o
10%Sp-nupl|Lz = ||Sp-n0up||L2 < Cp2 P (mHmle) - (Cy) € 12,
11655 _ n (aa)llzee < C2Plotlal=2) < og-peg—plotlal-2-¢)

For o + |a| — 2 —m — € > 0 we have@e HOotlal-2-emtt—la| o gmt+to-2-¢
The same argument can be used for(3.

LEMMA 1.8. Let u be in H™!(R7%) such that P'u is in H™'(R7%). If o >
m+12>2andt >0, we have
(1.18) x*(P"u) — P*" (x"u) € H™*7=3(R%).

PROOF.

X (P"u) =Y > [(Sp-Npr— N (aa) 03 Upp) © Spp X(¥)lpp

a p,p
t(8Spp @
=ZZ(SP-N,p’-N(aa)°Spp'X)( (%(y)> 3y> (Upp' © SpprX) + Ru
a pp’

where Ru € H™!*t°~1 by Lemma 1.6.
On the other hand,

Pt S (s on () )i

a p,p’

= E Z Sp-nN,p'—N(Ga)0y [upp © Spp' X]pp' -
o pyp’
We have P”u—D2u+I'I” ot € H™! s0 D2y = f + g where f € H™" and
g€ Hm~Lt-L ThereforeueH"’*‘” 1soge H™*"2 and u € H™2t-2,
Now for x € C?, a € C?, b€ C°~! let us consider

A=]|S —N,p’—N((a o x)b) — Sp—N,p’—N(a) ° Spp'XSpp’b“Lm'
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We have
[[Sp—n,p— (@ © X)Spprd = Sp—N,p'— N (a) © Spp X Spprb|| Lo
< Cl|Sp-np-n(aoX) = Sp—Np—n(a) 0 SpprX|| Lo
< C{lISp-np-n(aox) —aox|lL= + ||(a = Sp-~np—n(a)) o XL
+ |1Sp-np—n(a) 0 X = Sp—Np'—N(a) © Sppr x|}
<C27P°
On the other hand,
1Sp-N,p'—N((a © X)) = Sp—Np'—N(a © X)Spprbl|Leo
< |ISp-npr—n((a o x)b) — (a0 x)bl|Leo
+1l(@ox = Sp-np-N(aox))bl|L=
+ |Sp—N,pr—N(a 0 X) (b — Spprb)[| L~
<2 P(e-1),
So we have
(1.19) A< C2Plem1),
Now, since u belongs to H™*2%t~2 Lemma 1.6 implies that

110% ((upp' © SpprX) — [tpp' © Spp' X]ppr )| L2 < Cppr27P™7P (t4o-3),

Now
X" (P"u) — P*"(x*u) = x*(P"u) — Z Z Sp—N,p'—N(&a)ag (upp’ © SpprX)
a pp'
+ Z Z Sp—N,p'=N(Ga)0y (Upp' © SpprX)

a pp’
~ P*'(x*u) € H™'*°=3, QE.D.

To prove (ii) in Theorem 1.3 we write
X (P'w) = PY(x"u) = X" (P'u = P"u) 4 x°* (P"u) = P*"(x¢u) + (P¥" = P¥)(x"u)

and we apply Lemmas 1.7 and 1.8.

Let us now prove (iii) in Theorem 1.3. To define x} we use the coronas adapted
to x1 and K asin (1.15). So xju =3, <, [s(upp 0X1)]ppr With ¢ = 1 near suppg.
To define x( we take a system of small coronas such that [ |5, has its spectrum
in Cp N Cp and a system of big coronas corresponding to the small system and to
X1 H(K). Let ¢ € C§°(Q) ¢o = 1 near xg ' (supp ). We have

Xo¥Xiu = Z [so([¢ (uppr © X1)]pp’ © X0)]pp

p'<p+1
= Z (s0(s (upp © X0))lppr + Z [so(Rpp © X0)lpp’
p'<p+1 p'<p+1

where

Ryp = [¢(upp © X1)]pp — ¢(Upp’ © X1)-
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Using Lemmas 1.5 and 1.6 we get for u € H**
[|Rppr|| L2 < Cppr2~ P8P/ (8 +0=1)
50 Epr<pt 190 (Bopr © Xo)lppr € HS+771. Now,

s0(Suppr © X1 © X0) = (61 © X0)(Upp' © (X1 © X0)) = S2(Upp' © (X1 © X0))
where ¢; = 1 in a neighborhood of (x1x0)~!(K). This proves (iii).

2. Proof of Theorem 0.1.

2.1 Preliminaries. We know by the Theorem 1 of [8] that the solution of (0.1)
is C* inside {2 so we have to prove now its smoothness near the boundary. Let
zo be a point in A and V a fixed neighborhood of zo in 2. Let ¢ be in C§°(V),
¢ = 1 near zg. By a C*°-diffeomorphism © near zg we can reduce the problem to
the case 7o =0 and AQNV = {z = (z',2,) E R": 1, = 0}. We set v = ¢cuo©~1.
Using the implicit function theorem, condition (c) in Theorem 0.1 and subtracting
from v a C* extension of the boundary condition we find that v is a solution of
the problem.

(2.1) { 82v + G(z,v(z), Vo(z), Viu(z)) =0 inV x R%,

v|$n=o = Oa

where V2v means (0%v), || = 2, & = (&/,an), on < 2. Conditions (a) and (b)
obviously remain invariant. Applying Theorem 1.1 to our function G we get

PROPOSITION 2.1. Letve CL (RY)NHLL(RY), p>s+2,p>5,t>1, be
a solution of problem (2.1). Let us set

P' =D+ Z II; D% with ag(z) = %(z,v(z), Vo(z), V3u(z)).
lo] <2 *
an<2

Then P'v € H3EHP4(R7).

loc

Indeed Theorem 1.1 gives P'v = f € H "**P73(R7). Now if v is in H!

loc

then Z|a|<2'an<2 11, D%v belongs to Hy '™ so D2v € Hy."*~! and since v
is in H2! we get v € HtLt~1 50, applying another time Theorem 1.1, we get

P'v e H'HP~

loc

The principal symbol of P’ is equal to

ol aG
P(z,)=€6+2) +— G (Gt Z
1=1

=1

o )6

Let gk, 1 < k < n — 1, be the solutions near the origin of the Cauchy problems

n—1

Ogk 52, (7)) 2% —
(22) azn + Z a Jﬂ V'U( )’V v(z))axj “Oa

gk|z,,_0 Tk,

where v is a solution of (2.1) which is in (Jloc N H*!. Then the solutions g exist
locally and are in C?~2 near the origin.
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Let © be the C?~? local diffeomorphism defined by

= <k<n-
e(xl’zn) — (yl,yn) Wlth {Z’lk _ gk(x)v 1 -_ k —_ n la

Yn = Tn,
and x = ©~1. Applying Proposition 2.1, Theorem 1.3(i) and (ii) witho = p—2 >
Max(3,s + 1) we get the following proposition.

PROPOSITION 2.3. Letv € C]’;c ﬂHloc, where p > Max(5, s+ 3), be a solution

of (2.1). Then (P*)'(x*v) € HS:YP757¢ for every e > 0.
Now (P*)" is in Op(E2_3) and its principal symbol is
n—1
(2.3) pr(y,m) =ni+ Y ai;(y)min.
i,j=1
Moreover p*(y,n) = 0 for all (y,n) in V x R™ and condition (b) in Theorem 0.1 is
also satisfied by the operator (P*)’ if p > Max(5, s + 3).
We shall denote in the following @ and (z, €) instead of (P*)’ and (y,n).
2.2 The subelliptic estimate. The main result of this section is the following

PROPOSITION 2.4. For every compact K in RZ‘,_ we can find a positive constant
C and € > 0 such that

llullg.e < C{I(Qu,w)| + |lullg o}
Jor everyu € E = {u € C®(R7%): suppu C K, ujz,=0 = 0}.

PROOF. Since the proof is classical and very close to the proof of Proposition
1.10 in [8] we shall only sketch it.

Let go(z, £) be the principal symbol of Q. For 1 < j < n we denote by Q; (resp.
Qj+n) the paradifferential operator with symbol

8q0/0&; (resp. p(1+|¢'|*)"/?0q0/0a;).
We prove first

2n
(2.5) Yo lIRQullg o < CLI(Qu, w)| + |[ull o} Vue€E.
7j=1
Writing
n—1
9(z,8) = & + Y ai;(2)&iky
4,51

where a;; € C*~2 we know that E” —1a45(2)&:& > 0 for every (z,€) in V x R™.
So we can use Lemma 1.7.1 of [8] and the corollary which follows it to write

26) {|z:,] 1 52 0:(2)9:0,u(x)]? < M Y7L a1 | 845 (2)8;04u(z)B:0su(z),
le_l ak;(z)0ku(z)|® < 2a;;(z) 2,]=1 ak; (z)0;u(z)0ku().

Here the constant M depends only on the second derivative of the coefficients on
K. If we denote by G, the vector fields

E“""aaTk 1<j<n-1 and G, =D,
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we deduce from (2.6)

n n—1
(2.7) Y liGjullo<C {IIDnuII2 + D (ak;05u, Oku) + IIUII3,0} :

Jj=1 7,k=1
Now we have
LEMMA 2.5. Let P = 3, 1<pn 8a(2',2n) D3 where aq € C? with compact
support in R? and p > m. Then P — 2jaj<m Ha, D is bounded from L2(R7%) to
L*(R7).
This lemma follows from Theorem 3.4 in [2] if we consider z,, as a parameter.

Now (2.5) follows from (2.7) and Lemma 2.5.
The next step is the proof of the estimate

n
(2.8) llullge < C {Z 1Q5ullg o + ||U||c2),o}

=1

for every u in the space E.
The proof follows classical ideas (see [6]). We write

n—1

lull§e <C{ Y

J=1

ou ||?

8.’11,‘

+{Jullf e
0,e—-1

Using condition (b) in Theorem 0.1 we get

llullge < C{ D NGl ey + ||u”(2),e—l}

|<r
where G is a commutator of some of the G; for 1 < j < n. From Lemma 2.5 we
deduce the same estimate with @ instead of G;. Now
||Q1u”(2),e—l = (EE—IQIUa Ee~1QIU) = (Q;E;_IEQ_IQIU,U).

(All the integration by parts can be made since Q; and E,_; are tangential.) Now
Toe—1 = Q1E?_{Ec_1 belongs to Op(Zi"’_‘zl_m) and p — 2 — |I| > 1. We write

(T2e-1Qru,u) = (T2e—1Q;Qr, u, u) — (T2e—1Qr Q;u, u) =0-@

and using the symbolic calculus of paradifferential operator we get

D] < C(|Qsullo0 + |QrullZe—y)

and the same inequality for(Q Taking ¢ < 1/27, by induction we get inequality
(2.8). (See [8] for more details.)
From inequality (2.8) we get for every t € R

2n

(2.9) llull.exe + D 11Qsulld e < CLUEQu, Evvl) + Il0ll3 }
1=1

for every u in E, where Q = D2 + Q.
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We apply (2.5) and (2.8) to the function E;v, where E, is tangentlal of order ¢.
The only term whose treatment is not obvious is

I=|( [Q, Eiv, Ev)|.

Using Proposition 1.4 of [8] (i.e. [Q,R] = E?:l R;Q; + Ro where R is a pseudo-
differential operator of order r, R; p.d.o of order r and Ry € Op(X}_3)) it is easy
to see that for every 6 > 0 we can find Cs > 0 such that

2n
111 <8 11Qjull,. + Collulld s
j=1
which proves (2.3).
The next step in the proof is the following

(2.10) Let v be in ;™" (R}) such that v],,=o = 0 and
Qu is in H(R™) then v is in H;PH 7' (RD).

loc
To prove this claim we take 6 in ]0, 1], ¢ in C*°(R7%) with supp C K where K
is a compact in R%, ¢1 € CP(R%), o1 =1 on K and we set
vs =Tsv = p1(1 — 6A ,)—1
then vs € H**!, v5); —o = 0 and supp vs is contained in a compact of R, so we
can apply mequahty (2.9) to vs and deduce
2n

llvsllo.exe + D 1Qsvsllo.e < C{ITsQullo.e + [|[T5, Qlollo.e + l[vsllo,e}-
Jj=1
If we prove that ||[Ts,@]v||o,+ is uniformly bounded in § we shall have, letting
6 go to zero, v € HO'*¢, Dyv € HO* C HO'*e~1 50 vy € HVt+e~1, Now Q =
D2 + Q + R, where R denotes the lower order terms

n
Q.Ts] = [D2,Ts) + 3 QU Ts ;) - T Q)

7=1

+ Z QN Ts(a) — T{¥ Qo)) + [R + R, Ts).
2<lal<(p-1]

Now, since
OF(L+61€")7" < C(L+ €)1 *172(1 + 81¢) !
with C independent of § it is easy to see that
To= Y. (Q9T5) ~T{"Q) + [R+ R, Ty

2<|al<[p-1]

can be written as Ty = TOTg -+-T5_l where T has the same form as Ty, f‘o is of order
zero uniformly bounded and TB"l is of order —1, uniformly bounded with compact
support.

On the other hand we also have (see [8]) with the same notations as above

Ts(j)Q(j) = ToQn+,Ts + ToT} + T;!
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SO

n n
Q. Tsloli2, < C{ D NQiTsyvlld s + D 1@nt; Tovll s

=1 =1
+ [|T3oll3, + 11T 113 ¢
Now
2n
D Qs Ts(iyvl3 ;. < CL(QETs(kyv, EeTs(iyv)| + | Ts iy lI3 . 3-
Jj=1

A straightforward computation shows that the right-hand side of this inequality is
bounded for any u > 0 by

2n

C 1Y 1QiTswyvlla,e + CulllTs(rsyvlld 1 + 1 Tsyvlld e + 1175 0l12)
=1

It follows, taking u small enough that
(@, Tslvll3.e < CLITsolI3, + 1T5 0l13

where T} has the same form as T5 thus bounded in H%t and T; ! is of order —1
with compact support thus bounded in H%?. This proves (2.10).

2.3 End of the proof of Theorem 0.1. Let v be a solution of (2.1), v € Cf,,
p > Max(5,r + 3). It follows that v is in Cf, (R?) N Hy;; (R%). By Theorem 1.3,

loc loc
Propositions 2.1 and 2.3 we have x*v € Hllo’c1 (R%) and (P*)'(x*v) € HEL®RR).
From (2.10) we deduce x*v € H,y: ¢ so by Theorem 1.3(iii) v € H"!*¢. Iterating
this argument we prove that v € Hll.g: *so Plve Hloo‘:’ . Now
Dlv=f- Y I, D%
|a|<2
an<2

so D2v is in HYF* from which we deduce v € H>+.
Now D% € HYF* if o, < 2 and by Proposition 1.7 in [7], H}+ is an algebra.

- loc
So we can write

(2.11) D2%v = —G(z,v(z), Dv(z), D*v(z)) € HV+>

therefore v € H>*t® so the right-hand side of (2.11) belongs to H2+ which

loc loc
implies v € H % and so on, i.e. v € Hlko‘:’°° for every k € N so v € C* near the

loc
origin. The proof is complete.
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